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ABSTRACT
         Mixture probability models are developed in general
from Uni variate Probability functions (say)
)()( 21 xgandxg . The mixture of these two is defined by
)()1()(.)( 21 xgpxgpxf   where  “p” is the mixing
ratio. The function that we have in the present paper is the
Mixture of two Lindley probability distributions, each of
which is having a different parameter. Lindley models  are
also useful for data showing decaying trends. The properties
of Lindley probability distribution that have been shown
are Mathematical Expectation, Second Moment, and the
Distribution Function. An application of the Mixture Model
which has been derived in the present research , has been
applied to the Reliability function , in a two component
system , when the components are connected in series. The
Reliability of the discussed system is compared with
reliability values when the Lindley probabilities in the same
system , are independent.
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1.     INTRODUCTION
          Whenever a given probability model does not fit to a given data
set then Mixture of probability models ,two or more, is the second
choice. For example, if there are probability models of a variable “x”,
 ),(..,....................),,(,),( 2211 nn xgxgxg 
then  these jointly define a new probability model
 nnn gpgpgpxf  ...........),.......,,,( 221121  (1)  
where the  spi '   are constants and are called mixing probabilities,
such that
  1ip  , then   
 ),.....,,,( 21 nxf 
is called a Mixture Probability Model with  nispi ,.....,2,1,'   as
the Mixing ratios.
Sinha [1].  Kung-YeeLiang and P.J Rathouz [2]have discussed
Hypothesis testing under mixture models  .
Several researchers have discussed Reliability functions from
various probability distributions. Multivariate exponential probability
and its applications in Reliability has been discussed by Basu
[9],Bhattachayy,G.K and Johnson,R.A.[10] but a mixture model has
not been discussed with respect to Reliability with a model consisting
of  “ Lindley Mixture probability distribution”.
 Wagner Barreto-Souza; Hasan S Bakouch [3] , David D. Hangal [4] ,
Masoodul Haq & Baber Siraj [5] , Ehtesham Husain  & Masoodul Haq
[6] , all have discussed Reliability for different probability models
including uni variate Lindley probability.
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       Present research discusses Reliability function  by first  deriving
a mixture probability using two Lindley probability distributions.
2.    REVIEW OF LINDLEY PROBABILITY DISTRIBUTION
A univariate Lindley probability distribution is defind by :
)exp()1(
)1(
),(
2
1 

 

 xxg      ;   x0   , 0         (2) 
The Cumulative Distribution Function is:

x
xF
0
),(  dxx )exp()1(
)1(
2





                                    (3) 
]
)1(
1[1),(


 

 
xexF x            x0   , 0            (4) 
The graphs of the Lindley distribution for the values of its parameter
5.0,1,2
        show that for  2  ,it is a decaying curve , but for smaller
values it is a uni modal and right skewed Fig.1.
 
Fig.1 The graph of Lindley distribution .
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Another useful property is the Quartiles of the Lindley distribution:
)2,(75.0)(3
)2,(50.0)(2
)2,(25.0)(:1
333
222
111
QFQxPquartilerddenotesQ
QFQxPquartilenddenotesQ
QFQxPquartilestdenotesQ



(5)
Thus  applying expression (4):
          0.29355.0,4872).;2090.0 321  forQQQ  
The values of
.,, 321 calculatedbesimilarlycanofvaluesotherforQQQ 
The  Mathematical Expectation and Variance are:
22
2
)1(
)26(
),(;
)1(
)2(
),(











 xVariancexE   (6) 
The graphical representation of  Mathematical Expectation and
Variance(x) i.e. for a uni variate Lindley probability  is shown in fig.2:
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 Fig.  2. The graph of Mathematical Expectation and Variance of
Lindley distribution .
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The graph shows that as the value of    increases the value
of  Mathematical Expectation and Variance(x ) decreases
towards zero. An exhaustive review of some mathematical
derivations are given in Ehtesham [7] , Mutairi, Ghitani,M.E,
Kundu [8].
In expression (7) below , the two Lindley models with
parameters 21  and are considered namely :
)exp()1(
)1(
),( 1
1
2
1
11 xxxg 

 

     and       (7)    
)exp()1(
)1(
),( 2
2
2
2
22 xxxg 

 

      
Mixture probability model is, therefore, given by  :
.),,;( 21 ppxf  )exp()1()1( 11
2
1 xx 




+(1-p) )exp()1(
)1( 22
2
2 xx 




    
p  in expression (8) is the mixing factor
A graph  panel of the Mixture Lindley probability distribution  is shown
in fig.3 for specific  selected values of the parameters :
p=0.3 p=0.5 p=0.8 
=0.5 =0.5 =0.5 
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 Figure 3. Mixture of Two Lindley Probability
Distributions
Fig.3  shows that the Mixture distributions  for some values of the
parameters  is a uni modal and not a decaying function
while  the Lindley distribution has a decaying form , however in each
case Mixture distribution  is positively skewed.
 







0
2
2
2
2
0
1
1
2
1 )exp()1(
)1(
)1()exp()1(
)1(
)( dxxxxpdxxxxpxE 





(9) 
After integration and simplification, the expression of )(xE  is the
following:
 
2
2
21
1
1
)2(.
)1(
)1()2(.
)1(
)(










 ppxE (10) 
174
PJETS Volume 4, No 2, 2014
Since the Mixture distribution has parameters  21  and   , therefore
the Mathematical Expectation also has the same two parameters along
with the mixing proportion  p.
Mathematical Expectation of   2x   i.e )( 2xE , is required for
calculating the VARIANCE of the Mixture Probability as given in  (8):
 
 





0 0
2
2
2
2
2
1
2
1
2
12 )exp()1(
)1(
).1()exp()1(
)1(
.)( dxxxxpdxxxxpXE 





 (11) 
 
)1(
)3()1(2
)1(
)3(2)(
2
2
2
2
1
2
1
12









 ppXE (12)  
         The following table shows the values of Mathematical
Expectation
         For some values of the parameters :
                               TABLE (1)
      Column1: 0.11.0 1       Column 1 to 5 : 5.01.0 2 
and    5.01.0  p
 19.0909 14.1288 12.4942 11.6883 11.2121
14.1288 9.16667 7.53205 6.72619 6.25
12.4942 7.53205 5.89744 5.09158 4.61538
11.6883 6.72619 5.09158 4.28571 3.80952
11.2121 6.25 4.61538 3.80952 3.33333
10.8996 5.9375 4.30288 3.49702 3.02083
10.6799 5.71779 4.08317 3.27731 2.80112
10.5177 5.55556 3.92094 3.11508 2.63889
10.3934 5.43129 3.79667 2.99081 2.51462
10.2955 5.33333 3.69872 2.89286 2.41667
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The values of  Mthematical Expectation E(x)  show that as the value of
1  increases from 0.1 to 1.0 Col.1  and the value of  2  remains fixed
i.e.0.1 , then the value of   E(x) decreases . for example, for
1.01.0 21   and  ,the value of  E(x) = 19.0909 and continues
to decrease to 10.2955 when 1  =1.0. The other values will be read in
the same way. In fact this table carries the computation for three
constants (as these vary) simultaneously.
       The graphs of Mathematical Expectation and Variance of  x are
displayed in Fig.4 below:
p=0.3 p=0.5 p=0.8 
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Fig. 4. The Mean of Mixture Lindeley distribution for different parameters      values . 
 
To visualize the behavior of mean which is is a function of three
parameters, (p,1, 2),we plot mean taking 1 =0.2, 0.4,0.6,0.8,1.0 for the five curves in
each graph  and 2 on x-axis . Figure 4,  shows that the behavior of mean is
decreasing , that is if we fixed the value of one parameter   1      and
increase the other parameter 2  ,the mathematical expectation
decreases and vice versa .
4.      DISTRIBUTION FUNCTION OF THE LINDLEY MIXTURE
       The Distribution Function of the Mixture is obtained as :
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  
x x
dxxxpdxxxpxF
0 0
2
2
2
2
1
1
2
1 )exp()1(
)1(
)1()exp()1(
)1(
)( 





 (13) 
)exp(]
)1(
1)[1()exp(]
)1(
1[)(1 2
2
2
1
1
1 xxpxxpxF 








   (14)  
The expression of  )(1 xF  is important for the calculation of
Reliability.
5.     APPLICATION OF LINDLEY MIXTURE PROBABILITY
MODEL FOR COMPUTING RELIABILITY:
In electric systems, or mechanical systems the gadgets of
the system are usually connected in series or in parallel or in a mixed
way using both series and parallel connections.
In this paper, we have discussed Reliability curves with ‘time’
as the independent variable .Reliability curves can be used by system
managers to schedule the times when they will service a gadget and
when they will service the system.
The performance of individual gadget has been discussed
by considering the Lindley Probability Model. A “two component
series system” is discussed when these components are working
independently.
 Ehtesham ,H & Haq,M. [6] has discussed Series-connected
and Parallel- connected systems for obtaining expressions of
reliability.
Mutairi; M.E.Ghitani;Dubasis Kundu [8] have derived
maximum likelihood estimators of the parameter of  univariate Lindley
distribution; M haq, Baber S [5] have discussed Reliability model
using Rayleigh distribution .Several  researchers have discussed
P(X<Y),namely ,Bhattacharyya & Johnson [10], Wagner Barreto-
Souza; Hasan S Bakouch [3]    .However the mixture model of Lindley
distributions has not been discussed.
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In the present research the values of Reliability are computed
“when the components in a system are connected in series, with the
Mixture of Lindley probability models”. The two component series-
connected system has been discussed and the components are
assumed to act independently
The reliability of a component is defined as:
Reliability= Probability that the component has not failed
upto a time instant “t”
)()( tTPtR        dtktf
t


 ),(   (15) 
where  f(t,k) represent the probability model according to which the
component in a system is operating.
             :
The Mixture model from Lindley probability distribution is
already defined  in expression (8) , however here “x”  has been replaced
by Time “t” so that the expression is now :
.),;( 21 ptf  )exp()1()1( 11
2
1 tt 




 + (1-p) )exp()1(
)1( 22
2
2 tt 




    (16) 
Reliability for a single component is :
)(tR  )(1 tF    
From expression (14) ,replacing “x”  by  “t” ,where “t” represents Time
at which the component is working ,we get the expression of   )(1 tF
, 
)exp(]
)1(
1)[1()exp(]
)1(
1[)(1 2
2
2
1
1
1 ttpttptF 








 (17) 
For a two- component system connected in Series, the same
mixture expression is applied ,assuming that each component is
working with exactly the same probability model  as given in (16) so
that the expression of  Reliability is Square of  expression (17)
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)(tR 22
2
2
1
1
1 )]exp(]
)1(
1)[1()exp(]
)1(
1[[ ttpttp 








  (18) 
In comparison to the above assumption, if the two components
work independently according to Univariate Lindley probability then
the expression of Reliability is :
),(),()( 21  tTPtTPtR 
   ttt )(exp
1
1
1
1
21
2
22
1
11 















              (19) 
In order to compare the performance of Reliability  of expression (18)
when mixture model is used and of expression (19) when independent
Univariate Lindley distributions are used , computations have been
done for different values of the parameters and shown in the tables
below :
Table 2
Col. 1,2,3 give (x, 21, ) . Col.4,gives Reliability of independent
Lindley distribution ).,,( 21 xRser Col.5 ,gives Reliability of
mixture distribution for p=0.2,0.5,0.8, ),,( 21 xRmser .
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),,( 21 x    
 
 
 
 
 
0            0.2          0.2 
0 0.2 0.4 
0 0.2 0.6 
0 0.2 0.8 
0 0.2 1.0 
1 
1 
1 
1 
1 
 
1 
1 
1 
1 
1 
 
1 
1 
1 
1 
1 
 
1 
1 
1 
1 
1 
 
1 0.2 0.2 
1 0.2 0.4 
1 0.2 0.6 
1 0.2 0.8 
1 0.2 1.0 
0.91238 
0.823217 
0.720799 
0.619945 
0.52709 
 
0.91238 
0.877064 
0.837357 
0.799155 
0.764772 
 
0.91238 
0.825396 
0.730856 
0.643378 
0.567766 
 
0.91238 
0.775296 
0.631596 
0.504472 
0.400047 
 
2 0.2 0.2 
2 0.2 0.4 
2 0.2 0.6 
2 0.2 0.8 
2 0.2 1.0 
0.798807 
0.631074 
0.471092 
0.340844 
0.241915 
 
0.798807 
0.733122 
0.673099 
0.626124 
0.59158 
 
0.798807 
0.639879 
0.504704 
0.406483 
0.338975 
 
0.798807 
0.552975 
0.360509 
0.234101 
0.156253 
 
3 0.2 0.2 
3 0.2 0.4 
3 0.2 0.6 
3 0.2 0.8 
3 0.2 1.0 
0.677687 
0.460475 
0.289163 
0.174255 
0.102464 
 
0.677687 
0.593587 
0.531187 
0.491273 
0.467128 
 
0.677687 
0.477881 
0.344849 
0.267751 
0.224527 
 
0.677687 
0.374706 
0.198605 
0.111545 
0.069811 
 
4 0.2 0.2 
4 0.2 0.4 
4 0.2 0.6 
4 0.2 0.8 
4 0.2 1.0 
0.560824 
0.323993 
0.169843 
0.084795 
0.041149 
 
0.560824 
0.470092 
0.415334 
0.386574 
0.372216 
 
0.560824 
0.348996 
0.237986 
0.185808 
0.161535 
 
0.560824 
0.245902 
0.109702 
0.057772 
0.037533 
 
5 0.2 0.2 
5 0.2 0.4 
5 0.2 0.6 
5 0.2 0.8 
5 0.2 1.0 
0.454877 
0.221671 
0.471092 
0.039804 
0.015905 
 
0.454877 
0.366377 
0.322833 
0.303998 
0.296233 
 
0.454877 
0.251561 
0.167111 
0.134492 
0.121811 
 
0.454877 
0.158266 
0.0622 
0.033161 
0.023641 
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Continue Table 2
Showing  two component series system reliability  for  independent
Lindley  component life time s ,with independent mixed Lindley
distributions with  different set of parameters .
( 21 ,, x )   
 
 
 
 
 
0 0.4 0.2 
0 0.4 0.4 
0 0.4 0.6 
0 0.4 0.8 
0 0.4 1.0 
1 
1 
1 
1 
1 
 
1 
1 
1 
1 
1 
 
1 
1 
1 
1 
1 
 
1 
1 
1 
1 
1 
 
1 0.4 0.2 
1 0.4 0.4 
1 0.4 0.6 
1 0.4 0.8 
1 0.4 1.0 
0.823217 
0.742768 
0.650358 
0.559361 
0.47558 
 
0.775296 
0.742768 
0.706264 
0.671217 
0.639737 
 
0.825396 
0.742768 
0.653233 
0.570683 
0.499608 
 
0.877064 
0.742768 
0.60227 
0.4783 
0.376779 
 
2            0.4     0.2 
2 0.4 0.4 
2 0.4 0.6 
2 0.4 0.8 
2 0.4 1.0 
0.631074 
0.498561 
0.372172 
0.269274 
0.191117 
 
0.552975 
0.498561 
0.449287 
0.411064 
0.383167 
 
0.639879 
0.498561 
0.380182 
0.295636 
0.238515 
 
0.733122 
0.498561 
0.316845 
0.199189 
0.127988 
 
3 0.4 0.2 
3 0.4 0.4 
3 0.4 0.6 
3 0.4 0.8 
3 0.4 1.0 
0.460475 
0.312884 
0.196481 
0.118403 
0.069622 
 
0.374706 
0.312884 
0.268055 
0.239927 
0.223145 
 
0.477881 
0.312884 
0.207308 
0.148624 
0.116905 
 
0.593587 
0.312884 
0.154355 
0.07908 
0.04471 
 
4 0.4 0.2 
4 0.4 0.4 
4 0.4 0.6 
4 0.4 0.8 
4 0.4 1.0 
0.323993 
0.187173 
0.098119 
0.048987 
0.023772 
 
0.245902 
0.187173 
0.153247 
0.13598 
0.127519 
 
0.348996 
0.187173 
0.108712 
0.074492 
0.059434 
 
0.470092 
0.187173 
0.071804 
0.031368 
0.017026 
 
5 0.4 0.2 
5 0.4 0.4 
5 0.4 0.6 
5 0.4 0.8 
5 0.4 1.0 
0.221671 
0.108025 
0.047045 
0.019397 
0.007751 
 
0.158266 
0.108025 
0.08501 
0.075482 
0.071638 
 
0.251561 
0.108025 
0.055651 
0.037576 
0.031021 
 
0.366377 
0.108025 
0.032488 
0.012757 
0.007157 
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     Table.2, shows that for small values of  )4.02.0(1  ,the
Reliability values are larger for Mixture probability distribution
,compared to Univariate Lindley probability distribution , the values
of  2  remaining as  0.2,0.4,0.6,0.8,1.0  .
For larger values of 2  (0.8), the value of  Reliability is significantly
larger in Mixture probability compared to Reliability in  Univariate
probability .
CONCLUSION
           In the present research ,we have obtained the Probability
distribution of the Mixture of two Lindley Distributions and derived
some of its statistical properties. Also the Mixture probability has
been applied to derive the Reliability of a two component  system
when the components are connected in series denoted
by ),,( 21 xRmser . This Reliability has been compared with the
Reliability ,when the two components follow independent Univariate
Lindley probability distributions denoted by ),,( 21 xRser . The
difference in the two Reliabilities is small for various values of
parameters of the distributions. But Reliability of Mixture Lindley
probability is more than for univariate Lindley probability distribution.
         We have discussed a technique to show that the same method
will be adopted if there are three or more than three components in the
system.
        However, if three components occur in the system and the
components are connected in series, then there are three parameters
321 ,, ppp  with 1321  ppp and 321 ,,   , i.e., in all  five
parameters are involved.
The expressions of Mathematical Expectation and Standard
Deviation, each will be a function of these five parameters. In such
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situations it will be more suitable to consider two components at one
time and proceed by taking the next two, and so on.
Also, we have not defined the form of components, which
can be
(1) two valves in a water pipeline connected in series; or
(2) two light bulbs connected in series etc.
Thus the present research must be seen in a very general
setup.
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